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Proof of equations (9) and (12):

Equation (9) gives the weights
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where ¢; is the total precision of the estimation of the common factor given by

1
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and Vj;_; is the mean square error (MSE) of the misspecified state estimated at ¢ with information

up to time ¢ and B is defined as
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These weights are used to compute the filtered common factor
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where do = Y20 ( H L L )¢" "d in case that d # 0.To derive the expression in (1), notice

Jli—1

that according to the Kalman filter equations (see, for instance, Harvey, 1989, page 106, equation

3.2.3a) the updated state is given by

fie = [t Vt\t—lAIE;\tlfl(yt = Afji-1) (4.5)
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where 3;;_; is the one-step ahead variance-covariance matrix for the observed series
Bie1 = AV A+ 2, (A.6)

see, Harvey 1989, page 106, equation 3.2.3c. Taking into account the matrix inversion lemma or

Woodbury formula, (see, for instance, Rao, 1973)
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Then, the Kalman filter gain K; = Vj;_ 1 A’3" L

Ir—1 Can be written as
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and (1 — Vi1 A'S,, | A) as
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Plugging in (1) and (1) into (1),
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which is equation (12).
Taking into account the Kalman forecasting equation for the state, given, for instance, in Harvey,

page 105, equation (3.2.2a), the previous equation (equation (12) in the main text), then
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By backward substitution, given zero initial conditions for the state,
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Therefore, it is easy to check that

Wt,t = c AIE 1
t
11 L1 -
Wil = ¢A Y, = =B 1¢9AN'XE " = Bi_10wy,
et Vi1 ct—1 Ct

1 1 1 1 1 _ 1 _
Wit—2 = — ¢2A,2u1 = *Bt—1Bt—2¢2A/2u1 =By 20w 1
et Vije—1 ce—1 Vicaje—2 ce—2 Ct

and so on.



Proof of equations (10)-(11)

The algebraic Riccati equation can be found, for instance, in Harvey (1989), page 118, equation

(3.3.14) for general time-invariant filters or in Pena and Poncela (2004) equation (A.10) for one
and m = N. >From the latest

factor models with autoregressive parameter ¢ where fi = 5 Z
reference, the algebraic Riccati equation for the linearized Kalman ﬁlter implies that V satisfies
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Solving for V' and taking the positive root
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which is equation (10) in the main text
Equation (11) is then obtained plugging (10) into the definition of B; given in (A.3), taking into



account that on the steady state Vi ;1 =V and ¢, 1 = c= % + A’E;lA, then
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which is equation (11).



Proof of Proposition 1

The conditional distribution of the N-th indicator , f(yn|s; = ¢,11,), is given by
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where y](\z,) e and a?\,‘ , are its mean and variance which can be derived by using the well-known expres-
sions for the conditional first two moments of a multivariate normal random vector. Let y(n_1); =
(Y15 s yN—1,1)" be the vector of the N —1 first observed series, ¥ n1 = cov(yn,t; ¥ (v—1),|5: = i) the
1 x (N —1) vector of conditional covariances between yy,; and the elements of the vector Y(N=1),t>
31 = var(yw—1)ls: = i) the (N — 1) x(N — 1) conditional covariance matrix of y(y_1)¢, A
= (A1, .y An—1)’ the (N —1) x1 vector of factor loadings associated with the elements of the vector
Y(N—1),¢, and 3., = diag(c?, ey 0% 1) the (N —1) x(N — 1) diagonal covariance matrix associated

with the observation equation for the first N — 1 variables. Taking into account that
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and that
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one can use the expression for the inverse of the sum of two matrices or Woodbury formula to

compute the inverse of 317 as
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Hence, the conditional mean y
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where
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The conditional variance, U?V\l’ can be expressed as
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Finally, then the KL divergence is given by
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where the last expression is obtained substituting O'?Vll and ft(|it)’ i =0, 1 given by (A.12) and (A.11),

respectively.
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