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Abstract

This online appendix provides technical details on the the estimation methodology used in the
main paper, including an offset mixture representation for the stochastic volatility components, a gen-

eral outline of the Gibbs sampler and details on the exact implementation for each of the Gibbs blocks.

A1l Offset mixture representation for the stochastic volatility
components

Using vy ~ N (O, eh"t) and p; ~ N (0, eh“‘) together with equation (18) in the main paper, we can write

vy = e/ g, and py = ehut/2 oy With gy and pop i.i.d. error terms with unit variance. A key feature

of these stochastic volatility components is that they are nonlinear but can be transformed into linear

components by taking the logarithm of their squares
hoo/2, )2 2 he/2 ) 2
In (6 vt Mlt) = hyt +1n (1), In (6 mt M2t) = hut +1n (p2t)”, (A-1)

where [n (ult)Q and In (u%)2 are log-chi-square distributed with expected value —1.2704 and variance
4.93. Following Kim et al. (1998), we approximate the linear models in (A-1) by an offset mixture time

series model as

gt = hje + €5, (A-2)
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for j = v, u, where g,y = In ((eh”t/2 ,u1t)2 =+ c) and g, = In ((eh“f/Q ,uzt)2 + c)7 with ¢ = .001 being an

offset constant, and the distribution of €;; given by the following mixture of normals

M
Fle) = anfn (€jelmn — 1.2704,53) , (A-3)

n=1

with component probabilities g,, means m,, —1.2704 and variances s?. Equivalently, this mixture density

can be written in terms of the component indicator variable x;; as
ejt| (kje =n) ~ N (my, — 1.2704,52) , with Pr(kj: =n) = qp. (A-4)

Following Kim et al. (1998), we use a mixture of M = 7 normal distributions to make the approximation
to the log-chi-square distribution sufficiently good. Values for {q,,m,, s2} are provided by Kim et al. in

their Table 4.

A2 General outline of the Gibbs sampler

Taken together, equations (14) and (26) in the main paper constitute the observation equations of a
State Space (SS) model, with the unobserved states ;; and hj; evolving according to the state equations
(22)-(23) and (24)-(25) respectively. In a standard linear Gaussian SS model, the Kalman filter can be
used to filter the unobserved states from the data and to construct the likelihood function such that
the unknown parameters can be estimated using Maximum Likelihood (ML). However, the stochastic
volatility components introduced in Section 3.1 and the stochastic model specification search outlined
in Section 3.2 imply a non-regular estimation problem for which the standard approach via the Kalman
filter and ML is not feasible. Instead, we use the Gibbs sampler which is a Markov Chain Monte
Carlo (MCMC) method to simulate draws from the intractable joint and marginal posterior distributions
of the unknown parameters and the unobserved states using only tractable conditional distributions.
Intuitively, this amounts to reducing the complex non-linear model into a sequence of blocks for subsets
of parameters/states that are tractable conditional on the other blocks in the sequence.

For notational convenience, define the non-centered time-varying parameter vector 8; = (8§, 51;), the

non-centered stochastic volatilities vector h; = (h*

iy h;t), the mixture indicators vector ky = (Kut, Kput),

the unknown parameter vectors 0 = (01,...,604), &3 = (Boos B10s Vs Ps Tngs Ty )s On = (hwos hpuos 0w, s
O’UH)7 ¢ = (6,0, ¢, ¢n) and the model indicators My = (g, , - .-, ta,), Mps = (LBog> LBros Lys Lps LBors LBae)s
Mg, = (th,, th,), M = (My, My,, My, ). Further let D;= (AInCy, AlnY;, Z;) be the data vector.
Stacking observations over time, we denote D = {D;}1_; and similarly for 3%, h* and k. The posterior
density of interest is then given by f (¢, 8*, h*,k, M|D). Building on Frithwirth-Schnatter and Wagner
(2010) for the stochastic model specification part, on Chib and Greenberg (1994) for the moving average
(MA) part and on Kim et al. (1998) for the stochastic volatility part, our MCMC scheme is as follows:

1. Sample the binary indicators (Mp, My,) and the constant parameters (6,6, ¢3) conditional on the

time-varying parameters 8* and on the stochastic volatilities h*. This is accomplished as:



(a) Sample the first step parameters ¢ from f (6|¢g, h*, D).
(b) Sample the binary indicators My and the MA coefficients 6:

i. Sample the binary indicators My from f (Mp|d, ¢s, dn, 8%, h*, D) marginalizing over the
parameters 6 for which variable selection is carried out.

ii. Sample the unrestricted parameters in  from f (6|6, @3, ¢n, 5%, h*, My, D) while setting
the restricted parameters in 6 (for which the corresponding binary indicator in 24y is 0)

equal to 0.
(c) Sample the binary indicators My, and the parameters ¢g:

i. Sample the binary indicators My, from f (M¢5|(5, 0, pn, B, h*, D) marginalizing over the
parameters ¢g for which variable selection is carried out.

ii. Sample the unrestricted parameters in ¢4 from f (¢5|5, 0, on, B*, h*, My, D) while setting
the restricted parameters in ¢4 (for which the corresponding binary indicator in My, is

0) equal to 0.

2. Sample the unrestricted time-varying parameters in g* from f(58*|6,0, ¢, h*, My,, D). The re-
stricted time-varying parameters in 8* (for which the corresponding binary indicator is 0) are

sampled directly from their prior distribution in equation (23).

3. Sample the mixture indicators &, the binary indicators My, , the constant parameters ¢ and the
stochastic volatilities components h* conditional on the constant parameters (4,6, ¢3) and on the

time-varying parameters $*. This is accomplished as:

(a) Sample the mixture indicators x from f (k|¢, 3*, h*, D).t

(b) Sample the binary indicators M, and the constant parameters ¢ conditional on the con-
stant parameters (6,6, ¢g), on the time-varying parameters $*, on the stochastic volatility

components h* and on the mixture indicators x:
i. Sample the binary indicators My, from f (M, 6,6, ¢, 5%, h*, k, D) marginalizing over the
parameters ¢y, for which variable selection is carried out.
ii. Sample the unrestricted parameters in ¢ from f (¢4, 0, ¢g, 8%, h*, Kk, My, , D) while set-
ting the restricted parameters in ¢y, (for which the corresponding binary indicator in 9,

is 0) equal to 0.

(c) Sample the unrestricted stochastic volatilities in A* from f(h*|¢, 8*, Kk, My, , D). The restricted
stochastic volatilities in A* (for which the corresponding binary indicator is 0) are sampled

directly from their prior distribution in equation (25).

INote that the ordering of the Gibbs steps is in line with Del Negro and Primiceri (2015) who argue that the mixture
indicators x should be drawn after the components that do not condition on x directly but before the components that do
condition on k.



4. Perform a random sign switch for o, and {3};}{_, and for o, and {h;t}thl, e.g., oy, and {85},
are left unchanged with probability 0.5 while with the same probability they are replaced by —oy),
and {37, }{_;.

Given an arbitrary set of starting values, sampling from these blocks is iterated J times and, after a
sufficiently large number of burn-in draws B, the sequence of draws (B + 1, ..., J) approximates a sample
from the virtual posterior distribution f (¢, 5*, h*, k, M|D). Details on the exact implementation of each
of the blocks can be found in Section A3. The results reported in the main paper are based on 15 000

iterations, with the first 5 000 draws discarded as a burn-in sequence.

A3 Details on the blocks in the Gibbs sampling algorithm

In this section we provide details on the exact implementation of the Gibbs sampling algorithm outlined
in Section A2 to jointly sample the binary indicators M, the constant parameters ¢, the time-varying
parameters 3%, the stochastic volatilities h* and the mixture indicators k.

For notational convenience, let us first define a general regression model

y=aH0(Le, e~ N(0,5), (A-5)
where y = (y1,...,yr) is a (T x 1) vector stacking observations on the dependent variable y;, =
(z,...,2%)" is a (T x k) unrestricted predictor matrix with typical row ¢, b is a (k x 1) unrestricted

parameter vector, @ (L) is a lag polynomial of order ¢ and ¥ is a diagonal matrix with elements ¢2, on
the diagonal that may vary over time to allow for heteroskedasticity of a known form. The restricted
predictor matrix ™ and restricted parameter vector b™ exclude those elements in x and b for which the
corresponding binary indicator in the m is zero, with m being a subset of the model 2.

The MA(q) errors in equation (A-5) imply a model that is non-linear in the parameters. As suggested
by Ullah et al. (1986) and Chib and Greenberg (1994), conditional on € a linear model can be obtained

from a recursive transformation of the data. For t =1,...T let

q
U = Y — Z 0 Y—i, with 7, =0 for ¢t <0, (A-6)
i=1
q
Ty=x0— Y 0Ty, with & =0 fort <0, (A-7)
=1

and further for j =1,...,¢q

q
Wit = — Zinj7t_i + 9t+j_1, with Wit = 0 fort <O, (A-8)

i=1

where 05 = 0 for s > ¢q. Equation (A-5) can then be transformed as

y=z""+wr+e=uw"P" +e, (A-9)



, i
where ¥ = (Z,w) withw = (wi,...,w}) and wy = (Wig, ..., Wqt), D" = (b”’ ,X) and A = (eg,...,e_g+1)

initial conditions that can be estimated as unknown parameters.

Conditional on # and o2, equation (A-9) is a standard linear regression with observed variables 7
and w™ and heteroskedastic normal errors with known covariance matrix . A naive implementation
of the Gibbs sampler would be to first sample the binary indicators in m from f (m|®, %, y, w) and next
o™ from f(®"|m,%,y,w). However, this approach does not result in an irreducible Markov chain as
whenever an indicator in m equals zero, the corresponding coefficient in @ is also zero which implies that
the chain has absorbing states. Therefore, as in Frithwirth-Schnatter and Wagner (2010) we marginalize
over the parameters ® when sampling m and next draw ®" conditional on the binary indicators in m.

The posterior distribution f (m|X,y,w) can be obtained using Bayes’ Theorem as

with p (m) being the prior probability of m and f (y|m, X, w) the marginal likelihood of the regression
model (A-9) where the effect of the parameters ® has been integrated out. Under the normal conjugate

prior
p(®") = N (26, V"), (A-11)

the closed form solution of the marginal likelihood is given by

_ B » —0.5 Vim 0.5 ~/E_1~ Pm / vom -1 dm — (Pm ! Vom -1 Pm
f(y|m,2,w)oc‘ ||Vm01€| PR y+(25) (Vg") 5 o — (@27) (Vi) @p ’ (A-12)
0
where the posterior moments ®7 and V' can be calculated as
o = Vi (@) o7 g+ () of), (A-13)
pomy 1~ 1\ 7!
v = ((w'") Slgm 4 (V) ) . (A-14)

Following George and McCulloch (1993) we use a single-move sampler in which the binary indicators ¢y
in m are sampled recursively from the Bernoulli distribution with probability

f(Lk =1 |L7k727§7ﬁ})

— —, A-15
T =0T g )+ e = 150 (A-15)

p(['k =1 |L7k7zugvﬂj) =

for k depending on the particular subset m of M. We further randomize over the sequence in which the
binary indicators are drawn.

Conditional on m, the posterior distribution of ®™ is given by
p(®"|m, 5.y, w) = N (7, Vi), (A-16)

with posterior moments b4 and VJ* given in equations (A-13)-(A-14).



Block 1: Sampling (9, M,,) and (0,0, $3)

Block 1(a): Sampling the first step parameters §

Conditional on the stochastic volatility component h,;, equation (14) can be written in the general
notation of equation (A-5) as: yy = AlnY;, af =2y = Z;, b" = b =6 and (L) = 1 such that 0(L)e; = 1
and the elements in ¥ are given by o2, = e"»t. In the notation of equation (A-9) we further have 7; = y;,
wy* = wy = x¢ and " = & = §. The parameters in ¢ can then be sampled from the posterior distribution

in equation (A-16) and used to calculate F;_1 (AlnY;) = Z;d, vy = AlnY; — Z; and

. O(L)veln/?

t 1 p2ehve/2”

conditional on 0, p, h,: and h;.

Block 1(b): Sampling the binary indicators M, and the MA coefficients 0

Conditional on the parameters , ¢, and ¢g, on the time-varying coefficients 3;, on the stochastic
volatility A, and on the binary indicators My, equation (16) can be written in the general notation of
equation (A-5) as: y, = AnCy, xy = (1, Z46, Bg;, B Z:6, AInCi_1), b = (Boo, P10, Tnys ny, ) and
O(L)e; = O(L)e;, such that the elements in ¥ are given by 02, = 02, = e/t /(1 — p?). The values of the
binary indicators in the subset My, of M then imply the restricted x?l % and b5 .

Under the normal conjugate prior p (8) = N (bg, Voe), the exact conditional distribution of 6 is

T 2
D (9\<I>M“’ﬂ,27y,x) x Hexp (— ¢ (0) > X exp <—; (60— bg)/ (VOQ)_1 (60— bg)) , (A-17)

2
20%,

where e, (0) = 7; () — @ (0) ®*# is calculated from the transformed model in equation (A-9) further
conditioning on the initial conditions A to obtain dMos = (bM“”ﬂ/, N )/.

Direct sampling of 0 using equation (A-17) is not possible, though, as e; (6) is a non-linear function of
6. To solve this issue, Chib and Greenberg (1994) propose to linearize e; (§) around 6* using a first-order

Taylor expansion
e (0) e (0%)— U (60 —07), (A-18)

where ¥y = (¥y4,..., Uy ) is a 1 x g vector including the first-order derivatives of e; (§) evaluated at 6*

obtained using the following recursion
q
Ui = —er i (0%) = > 07 Wiy, (A-19)
j=1

where U;; = 0 for £ < 0. An adequate approximation can be obtained by choosing 6* to be the non-linear



least squares estimate of 6 conditional on the other parameters in the model, which can be obtained as

T
6* = argmin » (e (0))*, (A-20)

o =
Conditioning on #*, equation (A-18) can then be rewritten as an approximate linear regression model
et (0%) + 00" ~ 0.0 + e, (9), (A-21)

with dependent variable e; (6*)+ W¥.0* and explanatory variables ;. As such, the approximate expression
in (A-21) can be written in the general notation of equation (A-5) by setting y; = e; (0*) + U.0%, x, = Uy,
b= 0 and O(L) = 1 such that 6(L)e; = ¢; and 02, = 02, = et /(1 — p?). The values of the binary
indicators in the subset My of M imply the restricted 33?{9 and b . In the notation of equation (A-9) we
further have y; = y;, W) = x?{e and &™ = ™,

The binary indicators in Mp can then be sampled from the posterior distribution in equation (A-10)
with marginal likelihood calculated from equation (A-12). Next, we sample 6™ using a Metropolis-

Hastings (MH) step. Suppose 6% (i) is the current draw in the Markov chain. To obtain the next draw

6™ (i + 1), first draw a candidate 6% (c) using the following normal proposal distribution
a (010", %y 2) ~ N (@30, V70)), (A-22)

with posterior moments ®7° and V) calculated using equations (A-13)-(A-14). The MH step then

implies a further randomization which amounts to accepting the candidate draw 6™ (c) with probability

a Mei Mo c — min p(0M9(6)|(I)M9,Z7y,$)q(eMg(i)Ia*,E,y,.’L‘) _
(@ 0)) = {p<9%<i>q>%,z,y,x>qw%(c)e*,z,y,x)’l}' (429

If 0™ (c) is accepted, 0™ (i + 1) is set equal to 6 (c) while if 67 (c) is rejected, 0™ (i + 1) is set equal
to 0™ (i). Note that the unrestricted @ is restricted to obtain 6™ by excluding 6, when 1, = 0. In this

case 0; is not sampled but set equal to zero.

Block 1(c): Sampling the binary indicators %4;, and the second step parameters ¢

Conditional on S5, ¢ and v}, equation (26) can be written in the general notation of equation (A-5) setting
vy =AInCy, z = (1, Z,0, B3, B11 210, AlnCy_1, vf), b= (Boo, Bo1s Ongs Tnys 7V, p) and O(L)e, = 0(L) e,
such that the elements in ¥ are given by o2, = e"st. Further conditioning on the M A parameters 6,
the unrestricted transformed variables g; and w; in equation (A-9) are obtained, with corresponding
unrestricted extended parameter vector ® = (', X')’. The values of the binary indicators in My, then
imply the restricted @?{ % and ®™Ms .

First, the binary indicators in #, are sampled from the posterior distribution in equation (A-10) with
marginal likelihood calculated from equation (A-12). Second, conditional on My, , ¢ is sampled, together

with ), by drawing ®*## from the general expression in equation (A-16). Note that the unrestricted & =

(Boo, Bi0, Tng» Tnys Vs Py A) is restricted to obtain oMes by excluding those coefficients for which the



corresponding binary indicator in My, is zero. These restricted coefficients are not sampled but set equal

to zero.

Block 2: Sampling 5*

In this block we use the forward-filtering and backward-sampling approach of Carter and Kohn (1994) and
De Jong and Shephard (1995) to sample the time-varying parameters §*. Conditional on the coefficients
¢s, on the stochastic volatility h,;, on the first block results Z;6 and v; and on the binary indicators

My, equation (26) can be rewritten as
Yt = LBo: O’WOBSt + 181, 0m Bftxlt +0 (L) i, (A'24)

with y, = AlnC, — Bog — f104:6 — yAlnCy_1 — pvf and x14 = Z;d. Using the recursive transformation
suggested by Ullah et al. (1986) and Chib and Greenberg (1994), the model in equation (A-24) can be

transformed to

Ut = 160, Tno Bot + 18,0 Bre + Wik + i, (A-25)
where 7, and w; = (wiy,...,wq) are calculated (conditional on 6) from equations (A-6) and (A-8) and
similarly

~ q ~ ~
Bot = By — Zeiﬁ&t—i; with SBor =0 fort <0, (A-26)
i=1
~ q ~ ~
b1t = BriT1e — Zezﬂuﬂ‘, with (1 =0 fort <O0. (A-27)
i=1

Substituting equation (23) in (A-26)-(A-27) yields

q
Bo,t+1 = Boy — Z 0i Bo,t+1-i + Mot (A-28)
i=1
~ q ~
Brasr = Biwrer1 — 3 0iBrer1—i + Tty (A-29)
i=1

such that the state space representation of the model in equations (A-25), (23) and (A-28)-(A-29) is given
by

ay
Tn ——
~ «
Yt — WA = [ 0 op 0 ... 00 0 o5 0 ... 0 } [ o +ut, (A-30)
e
aoetr | | Tor O Qot Kot 0 Mot (A-31)
Q1,41 0 Ty Qg 0 Ky n |
—_—— —/
[eTAE ] T; 677 K; Ul



with a; +41 given by

i1 1 0o ... 0 0 S 1
Ez’,t—b—l L, t4+1 -0 ... *Qq—l *oq Bit Tit4+1
B |=1] 0 1 0 0 : |0 | [m ] (a2
: : S :
| Biigy ] L O 0 ... 1 0 JLBirwnl) L 0 |
Q141 Tis Q¢ K;

for i = 0,1 and where zo; = 1 Vt, gy ~ N(O,eh“t) and 7, ~ N (0,1). In line with equations (23) and
(A-26)-(A-27), each of the states in «y is initialized at zero.

Equations (A-30)-(A-31) constitute a standard linear Gaussian state space model, from which the
unknown state variables a; can be filtered using the standard Kalman filter. Sampling «; from its
conditional distribution can then be done using the multimove simulation smoother of Carter and Kohn
(1994) and De Jong and Shephard (1995). Using S0, oy, and 3}, the centered time-varying coefficients
Bit in equation (20) can easily be reconstructed from equation (22). Note that in a restricted model
with ¢g,, = 0, oy, is excluded from o, and «; is dropped from the state vector ;. In this case, no
forward-filtering and backward-sampling for g7, is needed as this can be sampled directly from its prior

distribution using equation (23).

Block 3: Sampling x, My, , ¢, and h*

Block 3(a): Sampling the mixture indicators x

Conditional on hj;; and on €;;, calculated from equation (A-2) as €;; = g;1 — hj;, we first sample the

mixture indicators ;¢ from the conditional probability mass
P (ki = nlhje, €1) X gnfar (ejt\hjt +m, — 1.2704, si) , (A-33)
for j = v, p.

Block 3(b): Sampling the binary indicators #;, and the constant parameters ¢,

*
Jt

Conditional on h¥,, g;; and x;; and using the non-centered parameterization in equation (27), equation
(A-2) can be rewritten in the general linear regression format of (A-5) setting y; = gj: — (my,;, — 1.2704),
ze = (1,h3), b = (hjo,00;) and O(L)er = €1 = €5z — (my;, — 1.2704) for j = v, p. Given the mixture
distribution of €;; defined in equation (A-4), the centered error term €;; has a heteroskedastic variance
sy, such that ¥ =diag(s?_,...,s; ). In the notation of equation (A-9) we further have g; = y; and the
unrestricted wy; = z; and ® = b. The values of the binary indicators in My, then imply the restricted
ﬁ?{ ¢ and ®™#:. Hence, the binary indicators th,, for j = (v, ), in My, can be sampled from the posterior
distribution in equation (A-10) with marginal likelihood calculated from equation (A-12).

Next conditioning on My, , the parameters (hjo, 0., ), for j = v,y in ¢y are sampled by drawing oMo

using the general expression in equation (A-16). Note that the unrestricted ® = (hjo, 0y,) is restricted



to obtain ®*#» by excluding oy; when ¢, = 0. In this case o, is not sampled but set equal to zero.

Block 3(c): Sampling the stochastic volatilities h*

Conditional on the transformed errors g;; defined under equation (A-2), on the mixture indicators x,;
and on the parameters ¢, equations (A-2) and (24)-(25) can we written in the following conditional state

space representation

[ (= 1208) - | = [ o, ] [ 15 ]+ [ ] ren

B AL E[R P

for j = v,p, where €j¢ = €z — (my,, — 1.2704) is €;; centered around zero with var(€;;) = siﬁ and
var(vj;) = 1. In line with equation (25), the random walk component 7, is initialized at zero.

As equations (A-34)-(A-35) constitute a standard linear Gaussian state space model, 2, can be filtered
using the Kalman filter and sampled using the multimove simulation smoother of Carter and Kohn (1994)
and De Jong and Shephard (1995). Note that in a restricted model with ¢,; = 0, and hence o, = 0, no

forward-filtering and backward-sampling for /7, is needed as this can be sampled directly from its prior

*

distribution in equation (25). Using hjo, oy, and hjt7 the centered stochastic volatility component h;; in

equation (21) can easily be reconstructed from equation (24).
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