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Abstract

This Online Appendix contains the proofs to Theorem 1 in the text, along with three Lemmas
required in the proof. Additionally, there are some extra Monte Carlo and empirical results,

which were mentioned but not reported in the main text for the sake of brevity.

1 Appendix A: Proofs of Main Results

Theorem 1. Let Assumptions 1-5 hold and let the factors and factor loadings be estimated by
Principal Components. For two models © and j, if model i corresponds to the true model such that
the probability limit of <ﬁ‘,17> 18 (HOFtO,ug) for all t, and for model j one or both of ﬁtj and ﬂi
has different probability limit, then:

lim Pr (Ic (ﬁj,aj) <IC (ﬁa)) —0

;T —00

as long as (1) g(N,T) — 0 and (ii) min{\/T,N}g(N,T) — 00 as N,T — oo.

The proof of Theorem 1 makes use of the following three Lemmas on estimation error in the
idiosyncratic components. As mentioned in the text, the number of factors, r, in the first-stage

factor model for X; is assumed to be fixed and known for these proofs.

Lemma 1. Let Assumptions 1-5 hold and let the factors and idiosyncratic errors be estimated by

Principal Components. Then for eachi=1,...,N, and as N, T — oo:

XT: (gt — uzt) = O, (max{N \}}) (1)

Lemma 2. Let Assumptions 1-5 hold and let the factors and idiosyncratic errors be estimated by

Principal Components. Then for each i =1,...,N, and as N,T — oo:
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Lemma 3. Let Assumptions 1-5 hold and let the factors and idiosyncratic errors be estimated by

Principal Components. Then for each i =1,...,N, and as N,T — oo:

% iuit (@i — ui) = Oy <max {;f ;}) (3)

Each of these Lemmas makes use of the following identity:
Uit — Ujp = (Xit - X;E) — (Xt — NjFy)
= XN.H 'HF, — \/F,
~ ~\/ ~
—NHT (HE = F) + (™A =) B
~ o~ /
= NH! <HFt - Ft> + <H’_1/\i - )\i> HF, (4)

~(mn- %) (1F - R)

where H is the rotation matrix described in Bai (2003) and Bai and Ng (2006).

Proof of Lemma 1. We can use Equation (4) to write for any i = 1, ..., N:

Mﬂ

T
~ 1 N/
Z (il — ) = Z FNH (HFt _ Ft) 7 F, (H'—ui _ )\i> HF,

= % Z F (B~ Xz-)' (1P - )

t=1

_ ( zT: (HFt Ft) ) H N+ <;§T;FtF{> H (H’*Ai—?i)
_ ( F (HFt - ﬁt)'> (H’”Ai - Xi)

By Assumptions 1-5, the first term is O, (max {%, %}) using Lemma A.1 of Bai and Ng (2006)
and as H'~1)\; is O, (1). We also know that the final term is of smaller order since (Xz —H *1/\i>
is op (1) by Bai (2003) Theorem 2. However, for the middle term:

H \
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NI =
.[MHH
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Since Bai (2003) Theorem 2 shows that for the Principal Components estimator of i we have:

1 1
/1—1
ety =S .0y (w1 1)

Now since we do not place any restriction on the relative rate of increase of 7" and N, O, (7)

Op (max {3, %}) = O, (max {N? %}) and therefore:

e =)

as required. [

'ﬂ \

Proof of Lemma 2. We can use Equation (4) to write for any i = 1,..., N that:

T T
1 _ _ ~\/
Z (Uit — wit) E44n = Z€t+h)\2H ! (HFt ) ZEtJrh (Hl i - Ai) HEF;
T T4
1 d —1 ~/ =
-7 Z5t+h (H Ai — )\i) (HFt - Ft>
=1
rrr—1 1 i 1—1 >\ 1 &
=NHT 23 (HFt - Ft) een | + (H A — )\i) H (=" Fern

t=1 t=1
1—1 Y (1 a )
_ (H A — A,-) =3 (HFt _ Ft) oih
t=1

By Assumptions 1-5, the first part is O, (maX{N, e ) by Lemma A.1 of Bai and Ng (2006) and
as N\ H~! = 0, (1). The last part is of smaller order because No— H71\ = op (1) by Bai (2003)
Theorem 2. For the middle part,

RS R CICAR CRESH RLAC

since E[Fieyp] = 0 implies that <% Zthl Ft6t+h) =0, (%) and as </)\\Z H-1) > Op (f)
O, (max {4, %}) by Bai (2003) Theorem 2. This part is therefore O, (max { }) Combin-

ing these three results shows that

as required. |



Proof of Lemma 3. In a similar way to Lemmas 1 and 2, we can write for any ¢ = 1,..., N:
~ 1L N7
T Zuzt (Wit — u4t) Zuzt/\/ (HFt - Ft) + T Zuit (HFl)\i - )\z‘) HF;
t=1
/ ~
- —Zult (=2 - X) (HF - F)
T
( Z i (HF - ))H’ D+ (TZFW> H' (H'™A =)
1 -
( > ui (HF ~ F) ) (72 = %)
t=1

Now in this case, the first term is O, (max {%, %}) by Assumptions 1-5 and Bai (2003) Lemma
B.1, the final part is of smaller order as A; — H'~1); is op (1) and for the middle part we have:

(&) x50 (G) <o () oo ol )

since E[F/u;] = 0 implies that (% Zthl Ft'u,t) = O (ﬁ) and (/):Z —H’*l)\i) =0, (ﬁ) +

O, (max {4, £ }) from Bai (2003) Theorem 2. This term is therefore O, (max {ﬁ, %}) Com-

bining the three results gives:

1 & 11
T;uit (’I/L\zt —uit) = Op (maX{N, T})

as required. |
Proof of Theorem 1. We have two regression specifications ¢ and j:

Yern = BUF] + o't + G
with ﬁti and (3 of dimension r; x 1 and o' and 4¢ of dimension m; x 1; and:

Ytrh = /Bj/ﬁtj + a0 + éirh

with ﬁtj and 7 of dimension r; x 1 and o’ and ﬁi of dimension m; x 1. For simplicity we will write
these compactly as:

Yirn = 0"Z) + &),
and

Yirn = 07 Z] + &



Where Z! = [ﬁt“ ,u’\%/}/ and ZJ = [ﬁtj/,ﬂ{/}/. Now in what follows we will relate the generated
regressors ﬁ,} and ! to their probability limits H'F} and u} where H' is the relevant submatrix of
H described in Bai and Ng (2006) and u} is not rotated as the common component is identified
without rotation. This gives the probability limit vectors Z; = [F}'H" uj' ]/ and Z/ = [Ft] "H7, ug/} :

Now we can rewrite the sum of square error functions V (.) both for the estimated factor and

idiosyncratic components, and for their probability limits as:

v (F.a) =v(Z') = %y'M’y

1% (Fﬂ,aj) -V (ZJ> - %y’z\?jy
V(F'H" W) =V (2') = ;y/Miy
V (FIHY W) =V (Z7) = ;y’ij

where M? = I — 7 <Z”Z") 7", M = 1 - 21 (2"2) " Z" and similarly for M7 and M/,

Therefore we can rewrite the statement in Theorem 1 as:

1, /5]
Lo/ M
lim Pr (ln lfy/\y] < (ri+mi—rj— mj)g(N,T)> =0
N, T—oc0 Ty/Mly

which we can manipulate in order to relate the estimated regressors back to the true (rotated)

factors and idiosyncratic errors as follows:

1 ars L L
. TY M7y Ty M7y Ty M'y

’ T T T
(5)

The second and third terms on the left of this expression are both estimation error terms involving
the estimated factors and idiosyncratic components. We first show the convergence rate of these
two terms as T" and N grow large, using Lemmas 1-3. This proof deviates from those in Bai and Ng
(2006) and Groen and Kapetanios (2013) as the matrices M and M9 do not just contain estimated
factors, they additionally contain estimation error due to the idiosyncratic errors.
Consider the third term of Equation (5) for the model specification i. (That for j will follow
the same argument).
1

. 1 . 1 4
My — =y M :—’<MZ—MZ)
TV My — ' My = oy y
1 (
T

where P' and P! are projection matrices P' = Z° (Z”ZZ) Z" and P' = Z' (Z"Z") ' Zi". Now



make the following expansion:

I
T?J

(Pi _ ﬁz) y= 1y’ <Zi (Z“Z")fl il _ i (21/21')_121'/) y
< i(Zi/Zi)*l it

=I14+1I+1I1+1V
Consider part I1:
L (5 N (it i
IT= —y (Z—Z)(ZZ) Z'y
1, /5 N/1ana\NT T
— ZZ—ZZ) 7Z7,/Zz 7Zz/
Y ( (T ) 7Y

~ooa 1 .
The product of the second and last part of this expression <%Z vz Z) %Z Yy gives a column vector

of dimension (r; + m;) x 1 which is O, (1). The first part is a 1 x (r; + m;) row vector. Now re-write
~ : . ! e ~
this part in terms of the estimates F} and @} using Z; = [ . @t’} , or in matrix form 7" = [FZ, u/”} ,
and substituting in the true model for y we have:
L (5 i Lol R AN
(7= ) = (). )]

- % (F0ﬁ0+u0a0+€)/ [(ﬁ’—FUJ“) ,(ai—ui)} (6)

Now the first r; elements of this row vector corresponding to factor estimation error are results

which have already been shown in the literature, namely:
1 1 & /
ol o (= o\ a0 0 [ 5 o
BV F (F - FH) it ;1: F! (Fg - H’F;)

SES) :
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and
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both by Bai and Ng (2006) Lemmas A.1 (ii) and A.1 (vi), and
1 T
oL O (i pigpri) i
a’su (F F H) E_ ( - H Ft)

o ({1

by Bai (2003) Lemma B.1 since the dimension of u{ is m® which is finite. However, the remaining

three terms are new to this paper and are analysed in the Lemmas above, namely:
1 "
BOIfFO/ (Ul _ z BO/ ZFO _ ut ’

ool

and
1 1 T /
—¢! (ﬁl _ ul) — T th+h (ut — Ut)
t=1
1 1
:Op (maX{N,T}> (11)
and finally:

aO/lu()/ (az _ uz) _ Oé()/l ET : uO (az
T - T t t
t=1

_o, <max{;] ;}) (12)

The same results are used in showing the other parts I, I1] and IV and as such we do not

repeat them here. Combining all of these results yields:

1 ,—; 1 A 1
—y' My — —y/ My =
Ty YTy Aty O (maX{N f})

This differs to that of Groen and Kapetanios (2013), due to the consistency rate in Lemma 1. This



result implies:

1, /770

Ty My ( {1 1 })
25— 2 =140, max{ —, —
Ty My b N’ VT

1. 17378
Ty My | _ 11
ln[ =0y (mex{ 3 )

7Y My
And the same result holds for model j. Therefore we can rewrite the expression in Equation (5) to
be:

which in turn implies:

Ty My

lim Pr|ln T s
N, T—oc0 Ty M'y

| — |

10, <max{jlv\/1f}> < (ri—i—mi—rj—mj)g(N,T)) —0  (13)

To show Theorem 1, we assume that model 7 is correct and that the probability limits of ﬁ; and U}
are HOF? and u? for all ¢, which because we impose orthogonality on the factors, means that model
i contains the true number of variables with r; = r° and m; = m®. This means that M*F% = 0 and

M*u® = 0 so as in Groen and Kapetanios (2013), the denominator of the first part in (13) becomes:

1 , 1 ,
Ty/Mly — TE/MzE

1

The last line assumes homoskedasticity of €;, as in Cheng and Hansen (2015) for the Mallows
criterion, and Groen and Kapetanios (2013) for the related information criteria. To assess statement

(13) we now take two exhaustive cases in which the candidate model j is incorrectly specified:

Case 1: The probability limits ofﬁtj and ﬂi are such that: (i) M7 F? = 0 but M7u® # 0 (Model j has
correct factor specification but not all relevant idiosyncratic errors are included), (ii) M7 F® # 0 but
Mu® =0 (not all relevant factors are included, but all relevant idiosyncratic errors are included)
or (iii) MIF® # 0 and M7u° # 0 (model missing relevant factors and relevant idiosyncratic errors).

In any of these three cases (i)-(iii), the numerator of the first term in Equation (13) is:

1 ; 1 . 1 )
Ty’MJy = TE/MJE + (FO8° + ua®)" M7 (FOB° 4 uPa?)

1
=0l +7+0, (T)
where 71 > 0 and the form of 7; depends on whether we are in Case 1 (i), (ii) or (iii). Therefore:

1 / ] ]. / i o 1
TyMy TZ/M?J—7'1+OP T



which implies that
1. /a77
Lo/ MI
T e P
7Y My
for some known 79. Therefore using Equation (13), the statement in Theorem 1 will hold in Case

1 as long as we can show that:

. 1 1
NleHBOOPr <7’2 +0, (maX{N, ﬁ}) < (ri+mi—rj— mj)g(N,T)> =0 (14)

and since (r; +m; —r; —my;) is finite, this statement is true when g (N,T) — 0. Since this is

stated in Condition (i) of Theorem 1, this proves what was required in Case 1. Turning to Case 2:

Case 2: The probability limits of ﬁtj and ﬁi are such that both MIF® = 0 and M7u® = 0, but
more than the relevant variables are included with either (i) rj = r° but m; > m° (correct factor
specification but too many idiosyncratic errors included), (ii) r; > r° but m; = m® (too many
factors specified, but correct idiosyncratic error specification) or (iii) r; > 0 and m; > m° (too
many factors and idiosyncratic errors included).

In this case, the numerator of the first term in (13) is:

1 . 1 . 1 .
Ty’MJy = TE/MJE + (F°8° + uoozo)/ M7 (F°B° +u°a%)
1
2
Therefore: )

. 1 . 1
S NIy o A — -
TyMy TyMy OP<T>

%y’ij 1
TRy :Op T
Ty My T

Therefore using (13), the statement in Theorem 1 will hold in Case 2 as long as we can show that:

Jim P <o,, <max{]17\/lf}> < (s +mi—7; —mj)g(N,T)> —0 (15)

Now since model i is the correct model with 7; = r® and m; = m°, each of Case 2 (i), (ii) and (iii)
imply that (r; +m; — r; —m;) < 0. Therefore this statement holds when g (N,7T) min {ﬁ, N} —

oo and the right hand side diverges to —oo at a quicker rate than the estimation error. Since this

which implies that:

In

corresponds to Condition (ii) stated in Theorem 1, this shows what was required in Case 2. |

Finally, we also offer a short proof of the statement in Remark 1, which follows immediately as

a special case of the proof of Theorem 1.

Proof of Remark 1. For the case where 8° = 0, it is immediate to see that the expression in



Equation (6) simplifies to:

%y' <21 B Zi) _ %y’ [(ﬁz B FiHi’) (@ — uz)}
= % (uoao —1—6)/ [(ﬁ’ - FiHi'> , (17 - uz)}

This, in turn, implies that the terms analysed in Equations (7) and (10) of the proof of Theorem

1 disappear, leaving only the terms in Equations (8), (9), (11) and (12). Now, since all of these

terms have the rate O, (max {%, %}), it follows that we can replace the O, (max {%, %}) rate

in Equations (13), (14) and (15), which leads directly to Condition (ii’) displayed in Remark 1.

10



2 Appendix B: Additional Monte Carlo Results

2.1 MSD Results for Specifications r = 1, m® = 1,2 in the Text

Figure Al: MSD" for different information criteria over 1,000 Monte Carlo replications when
the true r =1 and m® =1
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Figure A2: MSD" for different information criteria over 1,000 Monte Carlo replications when
the true r = 1 and m® = 2
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2.2 Additional Results for r =1, m° =0
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Figure A3: MSD" for different information criteria over 1,000 Monte Carlo replications when the
true r =1 and m¥ =1
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Figure A4: MSD" for different information criteria over 1,000 Monte Carlo replications when the
true r = 1 and m® = 2

— AIC
-4 BIC
-+ BICM
-« HQICM
- IC1

- IC2

- 1C3

~ HQ1L
& HQ2
~ HQ3

— AIC
-4 BIC
-+ BICM
-« HQICM
- IC1

- IC2

- 1C3

~ HQ1L
& HQ2
~ HQ3



Figure A5: Average number of selected idiosyncratic components (m°) for different information
criteria over 1,000 Monte Carlo replications when the true r = 1 and m® =0

Scenario #1 Scenario #2

Average # Idiosyncratic
Average # |diosyncratic

Average # |diosyncratic
Average # |diosyncratic

Notes: The horizontal dashed line represents the true number of idiosyncratic components m® = 0.

Figure A6: Average number of selected factors (7) for different information criteria over 1,000
Monte Carlo replications when the true r = 1 and m® = 0

Scenario #1 Scenario #2

Average # Factors
Average # Factors

Average # Factors
Average # Factors

Notes: The horizontal dashed line represents the true number of factors r = 1.
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Figure A7: MSD" for different information criteria over 1,000 Monte Carlo replications when
the true 7 = 1 and m® = 0
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Figure A8: M SD" for different information criteria over 1,000 Monte Carlo replications when the
true 7 =1 and m® =0
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3 Appendix C: Additional Empirical Results

3.1 In-Sample Results with Other Selection Criteria

Tables A1 and A2, below, correspond to Tables 3 and 4 in the text, but where model selection has
taken place using the HQICM Criterion of Groen and Kapetanios (2013):

Table A1l: In-Sample Model Selection Results: 1988-1998 pre-Euro era.

Selection Criterion: HQICM

h=1 h =12

Countries (m) Countries (m)
AUS - (0) CHE (1)
AUT - (0) - (0)
BEL - (0) DNK (1)
CAN - (0) FIN, ESP, BEL (3)
DNK - (0) BEL (1)
FIN - (0) - (0)
FRA ~(0) - (0)
DEU ~(0) - (0)
ITA - (0) FIN, CAN (2)
JPN - (0) ITA, BEL (2)
KOR - (0) DNK, ESP, CHE (3)
NLD - (0) - (0)
NOR - (0) - (0)
ESP - (0) FIN (1)
SWE - (0) FIN (1)
CHE - (0) - (0)
GBR - (0) FIN (1)

Notes: For each country, the column “Countries (m)” displays the identity of selected spillover countries,
and the number of these selected countries in parentheses. Model selection is performed using the HQIC M
criterion of Groen and Kapetanios (2013). The results are displayed only for the horizons h = 1 and h = 12,
with other results available upon request.
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Table A2: In-Sample Model Selection Results: 1999-2015 post-Euro era.

Selection Criterion: HQICM
h=1 h=12

Countries (m) Countries (m)

AUS _ (0) - (0)
CAN _ (0) ~(0)
DNK - (0) - (0)
EUR ~ (0) - (0)
JPN - (0) - (0)
KOR - (0) - (0)
NOR _ (0) - (0)
SWE ~(0) - (0)
CHE - (0) CAN (1)
GBR ~(0) - (0)

Notes: For each country, the column “Countries (m)” displays the identity of selected spillover countries,
and the number of these selected countries in parentheses. Model selection is performed using the HQIC M
criterion of Groen and Kapetanios (2013). The results are displayed only for the horizons h = 1 and h = 12,
with other results available upon request.

3.2 Results for Specification Including the Global Recession

Tables A3 and A4 correspond to Tables 3 and 4 in the main text, but where model selection takes
place in the specification involving interactions of the idiosyncratic components with the global

recession dummy:

Sit4h — Sit = p1 + poDy + a1y + Uy Dy + Z a1y + Z U Dy + €5 441
J#i J#
The spillover effects, w;;, have the same 3-letter country label as above, but the interaction
terms u;; Dy are labelled “AUS-R”, “CAN-R” and so on.
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Table A3: In-Sample Model Selection Results: 1988-1998 pre-Euro era.

Selection Criterion: H@s

h=1 h =12

Countries (M) Countries (m)
AUS - (0) ITA, FIN, BEL (3)
AUT - (0) NOR (1)
BEL - (0) DNK (1)
CAN - (0) FIN, ITA, ESP (3)
DNK - (0) BEL (1)
FIN - (0) - (0)
FRA - (0) NOR (1)
DEU - (0) NOR (1)
ITA - (0) FIN, ESP (2)
JPN ~(0) ITA, BEL (2)
KOR ~(0) DNK, ESP, CHE (3)
NLD - (0) NOR (1)
NOR - (0) FIN (1)
ESP - (0) FIN (1)
SWE - (0) FIN, ITA (2)
CHE - (0) - (0)
GBR - (0) FIN (1)

Selection Criterion: BIC'
h=1 h =12

Countries (m) Countries (m)
AUS CHE (1) CHE, ITA, FIN, BEL, ESP (5)
AUT CAN, BEL, DNK (3) NOR, DNK, BEL (3)
BEL DNK, CAN (2) DNK, NOR, CHE-R, SWE (4)
CAN ESP, CHE (2) AUS, FIN, SWE-R, ITA, ESP (5)
DNK JPN (1) NOR, SWE, SWE-R, BEL (4)
FIN ITA (1) KOR, NOR, SWE (3)
FRA DNK, JPN, BEL (3) NOR, CHE-R, DNK, BEL, SWE (5)
DEU  FIN, BEL, ITA (3) NOR, DNK, NLD, BEL (4)
ITA FIN (1) FIN, ESP, CHE-R, SWE, CHE (5)
JPN AUS-R, ITA (2) ITA, BEL (2)
KOR ITA, FIN (2) DNK, ESP, CHE, SWE (4)
NLD CAN, BEL, DNK (3) NOR, DNK, BEL (3)
NOR DNK (1) DNK, CHE-R, FIN, ESP (4)
ESP FIN (1) FIN, DEU, ITA, GBR (4)
SWE CHE (1) FIN, ITA, CAN (3)
CHE DNK, BEL, CAN (3) NOR, DNK, SWE (3)
GBR KOR-R (1) FIN, CHE-R, FRA, SWE (4)

~

Notes: For each country, the column “Countries (m)” displays the identity of selected spillover countries,
and the number of these selected countries in parentheses. Model selection is performed using the HQ3
criterion (upper panel) and BIC criterion (lower panel). The results are displayed only for the horizons
h =1 and h = 12, with other results available upon request.
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Table A4: In-Sample Model Selection Results: 1999-2015 post-Euro era.

Selection Criterion: HQ3

h=1 h =12

Countries (m) Countries (m)
AUS - (0) - (0)
CAN - (0) SWE (1)
DNK ~(0) SWE (1)
EUR - (0) SWE (1)
JPN - (0) - (0)
KOR - (0) - (0)
NOR - (0) SWE (1)
SWE - (0) ~(0)
CHE - (0) CAN (1)
GBR - (0) - (0)

Selection Criterion: BIC

Countries (m) Countries (m)
AUS JPN-R, EUR, DNK (3) SWE, CHE (2)
CAN JPN-R (1) SWE, GBR-R (2)
DNK CAN (1) SWE, JPN, AUS-R (3)
EUR CAN (1) SWE, JPN, AUS-R (3)
JPN CAN, AUS-R (2) SWE, AUS, GBR (3)
KOR JPN-R (1) CHE, AUS (2)
NOR - (0) SWE, KOR, AUS-R (3)
SWE NOR (1) NOR, AUS, AUS-R, CHE (4)
CHE CAN (1) JPN, SWE (2)
GBR ~(0) SWE, CHE (2)

Notes: For each country, the column “Countries (m)” displays the identity of selected spillover countries,
and the number of these selected countries in parentheses. Model selection is performed using the HQ3
criterion (upper panel) and BIC criterion (lower panel). The results are displayed only for the horizons
h =1 and h = 12, with other results available upon request.
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